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We present a bimetric low-energy effective theory of fractional quantum Hall (FQH) states
that describes the topological properties and a gapped collective excitation, known as the Girvin-
Macdonald-Platzman (GMP) mode. The theory consists of a topological Chern-Simons action,
coupled to a symmetric rank-2 tensor, and an action a` la bimetric gravity, describing the gapped
dynamics of a spin-2 mode. The theory is formulated in curved ambient space and is spatially
covariant, which allows us to restrict the form of the effective action and the values of phenomeno-
logical coefficients. Using bimetric theory, we calculate the projected static structure factor up to
the k6 order in the momentum expansion. To provide further support for the theory, we derive
the long-wave limit of the GMP algebra, the dispersion relation of the GMP mode, and the Hall
viscosity of FQH states. The particle-hole (PH) transformation of the theory takes a very simple
form, making the duality between FQH states and their PH conjugates manifest. We also comment
on the possible applications to fractional Chern insulators, where closely related structures arise. It
is shown that the familiar FQH observables acquire a curious geometric interpretation within the
bimetric formalism.
I. INTRODUCTION
During the last two decades, topological quantum field
theory (TQFT) has firmly established itself as a useful
low-energy theory of fractional quantum Hall states [1, 2]
(and, more generally, of topological phases in two spa-
tial dimensions). It describes the properties of local any-
onic quasiparticles and the ground-state degeneracy on
higher-genus surfaces; in addition, it allows one to cal-
culate the universal part of the linear response to exter-
nal fields and implies gapless edge excitations. TQFT
was introduced into quantum Hall physics in the semi-
nal papers [3, 4] and has led to a satisfactory picture of
the fractionalized local excitations originally introduced
by Laughlin in the language of trial wave functions [2].
The relationship between the two approaches was first
explained in Ref. [5]. The properties described by the
TQFT are expected to be insensitive to the microscopic
details of the material or the experimental setup that
probes the topological phase in question.
In recent years, it was realized that additional uni-
versal features are revealed when a quantum Hall state
(or any topological phase in two dimensions) is placed
on a curved surface. Paradoxically, when the TQFT is
coupled to the geometry of the ambient space, it pro-
duces nontrivial linear response functions that encode
additional information about a quantum Hall state such
as the Wen-Zee shift [6–8], the Hall viscosity [9–12], and
the central charge [13–19].
Another remarkable feature of fractional quantum Hall
states, not shared generically by other topological phases
of matter, is the presence of a gapped collective exci-
tation first proposed by Girvin, Macdonald, and Platz-
man (GMP) [20]. This excitation is absent in the inte-
ger quantum Hall phases but appears to be universally
present in the fractional states and has been experimen-
tally observed [21–23]. One remarkable property of the
GMP mode is that it carries angular momentum L = 2
at zero linear momentum. This property of the GMP
mode is one of the motivations that lead Haldane to pro-
pose that fractional quantum Hall states have a hidden
sector described by a gapped effective theory of a geo-
metric nature [12, 24, 25]. More recently, the authors of
Refs. [26, 27] (see also Ref. [28]), motivated by recent
experiments [29], suggested that the GMP mode can be
understood as gapped fluctuations of a nematic order pa-
rameter; hence, it becomes light near the nematic phase
transition. This interpretation justifies the inclusion of
only the spin-2 mode in the effective field theory. How-
ever, it leaves one wondering about the role of general
covariance and geometry emphasized in Refs. [12, 24, 25].
Another effective theory of the GMP mode was consid-
ered in Ref. [30], where the Wess-Zumino-Witten action
was used to construct the kinetic term. Geometric de-
grees of freedom and possible means of their observation
were also discussed in Refs. [31, 32] in a different lan-
guage.
The goal of the present paper is to construct an effec-
tive theory describing the spin-2 mode that is consistent
with all constraints arising from the topological proper-
ties and the structure of the single Landau level. Our
approach combines the ideas of Refs. [12, 24–27] with
the formalism developed in Ref. [33] and the bimetric ap-
proach to massive gravity [34, 35]. This effective theory is
geometric in nature, covariant with respect to spatial dif-
feomorphisms, and nonlinear by construction. Similarly
to Ref. [26], the theory consists of a Chern-Simons TQFT
interacting with a massive spin-2 field, whose dynamics
is governed by an action reminiscent of the action for
bimetric theory of massive gravity. We evaluate the pro-
jected static structure factor (SSF), which is given by the
equal-time correlation function of the Ricci scalar within
bimetric theory, and we match it to the microscopic re-
sult of Ref. [20]. This matching completely fixes all di-
mensionless phenomenological parameters in the theory
and provides a matching of dimensionful parameters to
quantities computable from the microscopics. Then, we
use the theory to rederive the long-wavelength limit of
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2the GMP algebra, the dispersion relation of the GMP
mode, and the Hall viscosity, and we show that all linear
response functions are reproduced correctly. The pro-
posed theory is valid as long as the observable quantities
are saturated by the single-mode approximation (SMA).
This is presumably true close to a nematic phase tran-
sition. While there is a priori no reason to expect the
SMA to be reliable away from a nematic phase transi-
tion, there is evidence that it is a good approximation
numerically [36–38].
There are two equivalent formulations of the bimetric
theory. In the first formulation, the metric sets the back-
ground geometry, and the dynamical degree of freedom
is a 2 × 2 symmetric matrix of unit determinant, remi-
niscent of a Goldstone field, that transforms under the
internal symmetries of the tangent space. This matrix is
not a metric and, in general, cannot be used to measure
distances. This formulation is very close in spirit to the
one in Ref. [26]. In the second formulation, the quan-
tum degree of freedom is a dynamical metric gˆij . The
two formulations are related to each other by a linear
change of variables. We refer to these formulations as
first and second order, correspondingly. We emphasize
that the presented theory does not refer to the notion
(or any properties of) holomorphic wave functions and
should be applicable for any Landau level, as well as frac-
tional Chern insulators (with the possible incorporation
of lattice symmetries).
The plan of the paper is as follows. In Sec. II we review
the bimetric geometry of Ref. [33]. In Sec. III we intro-
duce the bimetric effective theory, fix the phenomenolog-
ical coefficients by matching the SSF computation, and
reproduce the long-wave limit of the GMP algebra. In
Sec. IV, we further develop the theory and discuss the
role of the gravitational Chern-Simons term. In Sect. V,
we present our conclusions and discuss open questions.
II. BIMETRIC GEOMETRY
In this section, we review the geometric formalism re-
cently developed in Ref. [33] to analyze anisotropic FQH
states. This formalism will play the central role in for-
mulating the effective theory.
A. “Nonrelativistic” geometry
We start with a brief review of the geometry used to
probe FQH states [13, 39–44]. In what follows, we do
not assume any nongeneric symmetry such as rotational,
Galilean, or Lorentz invariance, which will be reflected
in the geometry we discuss. We describe the geometry
using vielbein fields eAµ = (e
A
0 , e
A
i ) and E
µ
A = (E
0
A, E
i
A),
where the indices i, j, . . . = 1, 2 label the spatial coor-
dinates on the manifold, while A,B, . . . = 1, 2 are the
internal indices. Here, EiA is the inverse matrix of e
A
i .
Objects carrying the index i transform under spatial co-
ordinate transformations, and those carrying the index A
transform under internal SO(2) rotations. Greek letters
µ, ν, . . . = 0, 1, 2 are used for spacetime indices; however,
we only allow time-indepedent spatial coordinate trans-
formations, thus separating time from space. The spatial
metric is then given by
gij = δABe
A
i e
B
j , g
ij = δABEiAE
j
B . (1)
We allow the metric to depend on both time t and space
x. The spatial metric is used to measure spatial dis-
tances according to ds2 = gij(t,x)dx
idxj ; thus, we al-
low the distance between any two points to change in
time. The SO(2) “symmetry” that acts on the vielbein
field merely reflects the inherent ambiguity of splitting
the metric into a product of two matrices. Any physi-
cal observable must not depend on how this ambiguity is
resolved, which will translate into the invariance of the ef-
fective action and the generating functional with respect
to local SO(2) transformations.
We introduce a covariant derivative ∇µ and impose
metric compatibility conditions:
∇µeAν = 0 , ∇µgij = 0 . (2)
Defining the action of the covariant derivative to be
∇µeAν = ∂µeAν − Γλν,µeAλ + ωAB,µeBν = 0 , (3)
we find that the spin connection is given in terms of the
vielbeins and the Christoffel symbols,
ω0 =
1
2
A
BEiB∂0e
A
i , (4)
ωj =
1
2
A
B
(
EiB∂je
A
i − Γki,jeAk EiB
)
, (5)
where the Christoffel symbols are determined from the
second condition in Eq. (2),
Γik,j =
1
2
gi` (∂jgk` + ∂kgj` − ∂`gjk) , (6)
Γij,0 =
1
2
gik∂0gjk . (7)
Certain components of the Christoffel connection re-
main undetermined by Eq. (2) and, therefore, have to be
determined solely by a torsion. We set the “reduced tor-
sion” of Ref. [41] to 0. It is easy to verify that under a
rotation of vielbeins, the spin connection ωµ transforms
like an Abelian gauge field. The Ricci curvature of a time
slice is given by
R =
2√
g
(
∂1ω2 − ∂2ω1
)
. (8)
The Ricci curvature can depend on time; however, we
assume that the Euler characteristic
χ =
1
4pi
∫ √
gR (9)
3is time independent. Finally, we often use the form no-
tation dω, which means
(dω)µν = ∂µων − ∂νωµ . (10)
This completes our review of the spatial geometry. In
the remainder of the paper, this geometry will describe
the shape and the curvature of the sample where the
topological electron fluid “lives.”
B. Intrinsic geometry
Next, we recall the formalism developed in Ref. [33]
in the context of anisotropic FQH states. In the present
context, there is no anisotropy in the sense of Ref. [33];
however, we postulate the existence of a rank-2 symmet-
ric tensor, hAB(x, t) that describes the spin-2 massive
collective excitation. Note that, by definition, hAB(x, t)
is a spacetime scalar that transforms only under the inter-
nal SO(2). With this tensor at hand, we can reconstruct
the formalism of Ref. [33].
Following Ref. [33], we introduce an analogue of the
vielbeins according to
hAB = λ
α
Aλ
β
Bδαβ , (11)
where the indices α, β, . . . = 1, 2 correspond to a new
ambiguity in splitting hAB into a product of two matrices.
We denote this ambiguity as ŜO(2). We use a convention
in which all internal indices A,B, . . . and α, β, . . . are
raised and lowered with δAB and δαβ , respectively. We
also introduce the inverse of hAB which is denoted H
AB
and is, in general, not equal to hAB . Correspondingly,
we introduce the inverse vielbeins:
HAB = ΛAαΛ
B
β δ
αβ . (12)
Then,
hABH
BC = δBC , Λ
A
αλ
β
A = δ
β
α . (13)
Given these data, we can introduce an intrinsic vielbein
field eˆαµ and an intrinsic metric gˆij according to
eˆαµ = e
A
µλ
α
A , gˆij = eˆ
α
i eˆ
β
j δαβ = hABe
A
i e
B
j . (14)
Next, we introduce the inverse intrinsic metric
Gˆij = HABEiAE
j
B = Eˆ
i
αEˆ
j
βδ
αβ , (15)
where we have also introduced the inverse second vielbein
Eˆµα = E
µ
Aλ
A
α . We use a convention where the spatial
indices i, j, . . . are raised and lowered with the spatial
metric gij .
With eˆαµ at hand, we again define a covariant derivative
∇ˆµ and impose the compatibility with the vielbein
∇ˆµeˆAν = ∂µeˆAν − Γˆλν,µeˆAλ + ωˆAB,µeˆBν = 0 , (16)
which will again define the spin connection ωˆµ
ωˆ0 =
1
2
α
βEˆiβ∂0eˆ
α
i , (17)
ωˆj =
1
2
α
β
(
Eˆiβ∂j eˆ
α
i − Γˆki,j eˆαk Eˆiβ
)
, (18)
where the second Christoffel connection is defined by the
condition ∇ˆµgˆij = 0 and is given by
Γˆik,j =
1
2
Gˆi` (∂j gˆk` + ∂kgˆj` − ∂`gˆjk) , (19)
Γˆij,0 =
1
2
Gˆik∂0gˆjk . (20)
Clearly, the spin connection ωˆµ transforms as an Abelian
gauge field under the ŜO(2) transformations. Next, we
define the Ricci scalar according to Rˆ = 2√g
(
∂1ωˆ2−∂2ωˆ1
)
and the second Euler characteristic χˆ,
χˆ =
1
4pi
∫ √
gˆRˆ . (21)
It is not hard to see that
χˆ = χ+ X , (22)
where χ is the Euler character of the physical space and
X is the number of singularities in λαA. The latter can be
evaluated as
X = 1
4pi
∫ √
hRˆ
∣∣∣
gij=δij
, (23)
where we have introduced h = λ2 = det hAB = (detλ
α
A)
2.
With two independent metrics and connections, we can
introduce extra data absent in the traditional Rieman-
nian geometry. Consider the one-form
Cij,µ = Γ
i
j,µ − Γˆij,µ . (24)
As a difference of two connections, Cij,k transforms like a
rank-3 tensor. There are no more independent objects of
interest. One can construct two independent one-forms
from Cij,k: the trace C
i
i,k ∼ ∂ ln h and the antisymmet-
ric part Cµ = i
jCij,µ. The latter does not vanish in
our setup and will be used in the effective action. Note
that Cµ has good transformation properties only when
the same diffeomorphism is applied simultaneously to Γ
and Γˆ. Thus, any action that involves Cµ will break the
two copies of diffeomorphisms (acting on g and gˆ, corre-
spondingly) down to a diagonal subgroup.
While the general geometric structure allows for arbi-
trary nondegenerate, positive-definite hAB , we also im-
pose a constraint
det hAB = 1 , (25)
which prohibits “dilaton” excitations of gˆij through the
constraint
det gˆij = det gij . (26)
4The intrinsic metric will be viewed as a dynamical prop-
erty of the physical system. We can use either the in-
ternal field λαB or the vielbein eˆ
α
i = e
B
i λ
α
B to describe
the physical degrees of freedom. These two choices cor-
respond to the first- and second-order formalisms alluded
to in the Introduction and are related by a linear, nonde-
generate change of variables. Bimetric theory will be con-
structed in the second-order formalism since the symme-
tries are more transparent this way. In the second-order
formulation, we impose the constraint (26) without any
reference to hAB . Finally, we note that a pair of metrics
is precisely the starting point for building bimetric the-
ory of massive gravity [34, 45], with the difference that
the theory there is Lorentz invariant and all of the com-
ponents of both metrics are allowed to fluctuate.
Before moving on, we make a comment about the rela-
tion to the work of Haldane [12, 24, 25]. The geometric
description discussed in Refs. [12, 24, 25] is represented
by a unimodular (i.e., unit-determinant) metric, which,
in our notation, is gˆij . To avoid confusion and to impose
the constraints coming from self-consistency in weakly
curved space, the effective theory will be constructed
when both the ambient and the “dynamic” spaces are
curved from the very beginning.
III. BIMETRIC EFFECTIVE THEORY
In this section, we construct a covariant bimetric effec-
tive action for an Abelian FQH state that will include the
massive dynamics of the GMP mode. Using this theory,
we calculate the Hall viscosity and the projected static
structure factor, and derive the long-wave limit of the
GMP algebra.
We start with the more familiar topological part of
the effective action, which includes the coupling of an
internal gauge field a to the bimetric geometry through
a Wen-Zee term [46]
Stop =
k
4pi
∫
ada− 1
2pi
∫
adA− s
2pi
∫
adω − ς
2pi
∫
adωˆ ,
(27)
where k determines the filling factor ν = 1k , whereas s
and ς describe the coupling to the ambient and dynamic
geometries, respectively. The topological effective action
describes local anyonic quasiparticles and their fractional
electric charge, spin, and statistics. Integrating out the
gauge field a with a proper gauge-fixing condition [17]
leads to a generating functional W [A,ω, ωˆ], which de-
scribes the kinematics of the metric gˆ and the linear re-
sponse functions—Hall conductance, Hall viscosity, and
the shift.
The electron density is given by
ρ =
ν
2pi
B +
νs
4pi
R+
νς
4pi
Rˆ , (28)
and the total number of states is given by
N = νNφ + νsχ+ νςχ , (29)
where we have introduced the number of flux quanta
Nφ =
1
2pi
∫
B and assumed that, as long as the fluctu-
ations of gˆij are small, the two Euler characteristics are
equal.
To interpret the meaning of Eq.(29), we recall the topo-
logical quantum number known as the shift [6–8], defined
as an offset between the number of electrons and the
number of flux quanta on a compact Riemann surface
with the Euler characteristic χ according to
N = νNφ + νS χ
2
. (30)
As a topological quantum number, the shift cannot
change continuously when a small, translationally invari-
ant perturbation is introduced. The shift is well defined
and quantized even when the global rotational invariance
is absent, as long as translational invariance is preserved
[33]. The shift is used to distinguish topologically differ-
ent FQH states that occur at the same filling factor. It
is readily available in numerics and is often measured on
a sphere.
Comparing Eq.(29) with the definition (30), we find
that the shift is given by
S = 2(s+ ς) . (31)
The electric current is given by
ji =
ν
2pi
ikEk +
νs
2pi
ikEk + νς
2pi
ikEˆk , (32)
where Ei = −∂iω0 +∂0ωi is the geometric analogue of the
electric field. The conservation of the electric charge (in
the absence of external fields) holds identically,
∂0ρ+ ∂ij
i = ∂0Rˆ+ 
ik∂iEˆk ≡ 0 . (33)
Finally, we note that the topological part of the ef-
fective action, Stop, has an enlarged symmetry group. It
can be directly verified that, in the absence of the electric
field, Stop is invariant under a time-independent SL(2,R)
transformation eˆαi → Uαβ eˆαi . This explains the appear-
ance of the sl(2,R) Lie algebra, as we discuss later.
Next, we construct the dynamical part of the effective
action. In fact, the parity-breaking terms will be gen-
erated after integrating out the gauge field a, and the
parity-even terms will be added by hand. First, we need
a kinetic term for hAB . The obvious choice would be the
Einstein-Hilbert action
SEH =
∫
d3x
√
gˆRˆ ; (34)
however, this action is equal to the Euler characteristic
(integrated over time) and does not generate any dynam-
ics.
It turns out that it is possible to construct another
kinetic term, using Ck = 
j
iC
i
j,k, defined in Eq.(24).
Indeed, consider the term
Skin[gˆ; g] = −α
4
∫
d3x
√
g gklCkCl
∼ −α
4
∫
d3x
√
g
∣∣∣Γ− Γˆ∣∣∣2 . (35)
5This term is the same order in derivatives as the Einstein-
Hilbert action and is diffeomorphism invariant. In the
first-order language, as we will see shortly, Skin[gˆ; g] is a
covariant version of the ordinary kinetic term ∂λ∂Λ.
In the absence of higher-derivative terms, the coeffi-
cient α has to be strictly positive in order for the the-
ory to be stable. It is illuminating to view Skin[gˆ; g] as
a functional of the Christoffel connection Γˆ. From the
perspective of the connection, Skin is a potential term
(since it is a polynomial in Γˆ) that favors the configura-
tions where the two connections are equal to each other:
Γ = Γˆ. This can be achieved if the two metrics are equal:
gij = gˆij . We emphasize here that were we not careful
about diffeomorphism invariance, we could have written
a kinetic term |Γ− κΓˆ|2, which would allow for solutions
gˆij =
1
κgij (reminiscent of a =
1
kA in Chern-Simons the-
ory). However, these solutions, within our construction,
are inconsistent with diffeomorphism invariance.
The solution we have just described is not the only
one. An arbitrary solution is of the from gˆij = gij + hij ,
where hij is a constant rank-2 tensor. Such a solu-
tion is acceptable since the Christoffel symbol behaves
as Γˆk ∼ ij∂igˆjk. The condition det g = det gˆ must be
preserved. These solutions will parametrize the space of
ground states. One way to fix hij would be to choose
a particular boundary condition for the metric gˆij at
spatial infinity. Alternatively, we could choose a po-
tential term that energetically favors a particular choice
of hij 6= 0. Such a potential will induce a spontaneous
breaking of the rotational symmetry (in flat space) since
a symmetric matrix gˆij = δij + hij 6= δij is not an SO(2)
invariant tensor [47]. Massless fluctuations of gˆij around
hij will describe the Goldstone mode in the nematic (i.e.,
symmetry-broken) phase. We will elaborate on this phase
in a separate publication. Thus, we have established that
Skin forces the dynamical metric gˆij to follow the fixed
spatial metric gij , and, consequently, it forces (in the
isotropic phase) hAB = δAB .
If α < 0, the theory would favor the metric that devi-
ates arbitrarily far from the fixed spatial metric, which
leads to an instability. This instability will be seen in the
dispersion relation of the GMP mode that goes to arbi-
trarily small negative energies at higher momentum, un-
less stabilized by higher-order terms in the kinetic-energy
part of the effective action. In the second-order language,
the interpretation of the instability is also clear—large
values of Γˆ will be energetically favorable, but since the
Christoffel connection Γˆ ∼ ∂gˆ, the only way to maxi-
mize it is to make a configuration of gˆ with very rapid
spatial variations. The dynamical curvature Rˆ generated
in such a way will be singular everywhere. To describe
the GMP mode, we have to enter this unstable regime;
however, we argue that this instability can be cured by
higher-order terms in Skin. Indeed, it is possible to add
higher-derivative corrections to Skin with a Lagrangian
of the form
δS
(n)
kin [gˆ; g] =
αn
4
∫
d3x
√
ggklCk(g
ijDiDj)
nCl , (36)
where Di is the covariant derivative. The coefficients α
(n)
can a priori be either positive or negative. As we show,
choosing a positive α(2) ≈ |α| will induce a roton mini-
mum that will fix the instability. There are other terms
that can contribute to the (k`)4 power in the disper-
sion relation. Notably, the gravitational analogue of the
“Maxwell-type” term is L ∼ c1|Eˆ |2 + c2Rˆ2. These terms
describe the local current-current and density-density in-
teractions, correspondingly. We do not consider higher-
gradient terms in much detail but only point out that
there is a variety of terms that can be added to the ef-
fective action to stabilize the GMP mode.
Next, we need to introduce a potential term that will
force our spin-2 degree of freedom to be gapped. The
choice of the potential is the defining feature of the stan-
dard bimetric gravity [34], where the potential is care-
fully crafted to ensure the absence of ghosts. We discuss
these potentials and their implications for our theory in
Appendix B. Here, we only mention that, unlike the po-
tential discussed below, the bimetric gravity potentials
do not support a nematic phase transition.
We choose a potential equivalent to the potential in
Ref. [26]. The potential term is given by
Spot[gˆ; g] = −m˜
2
∫
d3x
√
g
(
1
2
gˆijg
ij − γ
)2
, (37)
where we assumed m˜ > 0. Such a term is possible be-
cause of the bimetric nature of the theory.
To understand the phase diagram, we note that
gˆijg
ij = Tr h. Since h is a symmetric unimodular ma-
trix with positive eigenvalues, its trace satisfies Tr h ≥ 2.
Thus, this potential supports two phases connected by
a phase transition occurring at γ = 1. When γ > 1,
the system is in the symmetry-broken phase with Tr h =
2γ > 2 (and hij 6= 0), and when γ < 1, the system is
in the isotropic phase with Tr h = 2, hAB = δAB , and
gˆij = gij . Note that, by construction, in either phase
the configuration of gˆij that minimizes Spot[gˆ; g] also ex-
tremizes Skin[gˆ; g]. Finally, we note that potential and
kinetic terms depend on the ambient metric gij , while
the topological terms do not.
An object similar to gˆij has appeared in the study of
fractional Chern insulators (FCI) [48, 49], where it was
referred to as the “quantum metric.” The “metric” gαµν
of Ref. [49] is related to ours via gˆij =
2
Bα g
α
ij , where
we have changed the type of indices to fit our notations,
and Bα is the Berry curvature. Interestingly, Ref. [49]
investigated the dependence of the spectral gap on the
Brillouin-zone-averaged difference 〈T 〉 = 〈Tr h〉 − 2. In
our theory, the gapped phase occurs at 〈T 〉 = 0, and the
gapless phase appears at 〈T 〉 > 0. Thus, 〈T 〉 is an order
parameter for the nematic transition. In Ref. [49], the
gap is observed at positive 〈T 〉, and the gap decreases
as 〈T 〉 increases. This happens because the FCI is inher-
ently formulated on a lattice and the Goldstone mode ac-
quires a mass because of the presence of explicit breaking
of rotational symmetry by the lattice. When 〈T 〉 is posi-
tive, but small in absolute value, the mean-field potential
6eAi gij ωµ eˆ
α
i gˆij ωˆµ λ
α
A hAB Cµ
SO(2) + − + − − − + + −
ŜO(2) − − − + − + + − −
Diff + + + + + + − − +
SL(2,R) − − − + + + + + +
TABLE I. The full list of fields that appear in various formu-
lations of bimetric theory. The “+” entries indicate that the
field transforms under the symmetry group, while the “−”
entries indicate that it does not.
is very shallow and quantum fluctuations effectively re-
store the symmetry, shifting the critical value of T to
a positive number and leading to a larger gap. As the
value of 〈T 〉 increases, the mean-field potential becomes
deeper, the fluctuations become less important, and, ul-
timately, the gap is set entirely by the lattice effects. It
is likely that Ref. [49] has numerically observed the ne-
matic phase in FCIs, softened by the lattice effects and
the fluctuations around the mean field.
This completes the formulation of the bimetric effective
theory. The full action is given by
Seff [a, gˆ; g] = Stop[a, gˆ] + Skin[gˆ; g] + Spot[gˆ; g] . (38)
Note that, by construction, the effective action
Seff [a, gˆ; g] is gauge, diffeomorphism, SO(2), and ŜO(2)
invariant. The structure of the action is rigidly fixed by
the symmetries and does not allow further freedom in the
lowest order in gradients. Table I summarizes the fields
that appear in this paper and their transformation laws.
A. Hall viscosity
We start with an attempt to fix the coefficient ς by
calculating the Hall viscosity [9, 11] from Eq. (38). Hall
viscosity describes the response of the stress tensor to
time-dependent strain, defined by the generating func-
tional as
Tµν =
δW [Aµ, gij ]
δeAµ
eAν = λ
µ λ
ν Ae
A
λ + η
µ λ
ν A∂0e
A
λ . (39)
The Hall viscosity
(ηH)
µ λ
ν ρ =
1
2
(
ηµ λν A − ηλ µA ν
)
eAρ (40)
is the nondissipative, parity-odd part of the viscosity ten-
sor. When rotational symmetry is preserved, it has one
independent component ηH = Sρ¯/4, proportional to the
shift on the sphere [11, 50], and the average density ρ¯. In
the nematic phase, the Hall viscosity will no longer have
only one independent component.
To compute the Hall viscosity, we integrate out the
gauge field a and find
Seff [gˆ; g] =
ν
4pi
∫
AdA+
νs
2pi
∫
Adω
+
νς
2pi
∫
Adωˆ + Skin[gˆ; g] + Spot[gˆ; g] , (41)
where we have dropped the gravitational Chern-Simons
terms generated by integration over a [17]. The first term
in the second line of Eq. (41) was referred to as the “Berry
phase term” in Refs. [26, 27].
As discussed previously, at low frequency, the term
Spot[gˆ; g] forces the dynamical metric gˆij to follow gij ,
and the constant part hij is fixed to be 0 to minimize the
potential. Plugging the isotropic solution of the equa-
tions of motion gˆij = gij , which implies ωˆi = ωi [51],
back into the action, we find
Seff [g] =
ν
4pi
∫
AdA+
ν(s+ ς)
2pi
∫
Adω . (42)
Then, Hall viscosity is given by
ηH =
2s+ 2ς
4
ρ¯ =
S
4
ρ¯ , (43)
¡ where we have introduced ρ¯ = ν2piB. Thus, we were able
to match s + ς to the shift, which was already done in
Eq. (31). We find that the matching of the Hall viscos-
ity is reproduced correctly; however, it cannot be used
to fix ς. This is in contrast to Ref. [26], where ς was
identified with S/2 by matching the Hall viscosity. It is
clear from bimetric theory that the authors of Ref. [26]
implicitly assumed s = 0. In what follows, we show that
in the isotropic phase, ς can indeed be uniquely fixed by
matching the projected static structure factor.
Note that if the background metric is perturbed at a
frequency much larger than the gap and much smaller
than the cyclotron frequency m˜ Ω ωc, the dynamic
metric gˆij can no longer follow gij , and instead we find
gˆij = δij . Thus, we conclude that at higher frequencies,
the interacting quantum Hall state responds to the metric
perturbations as if it has shift S = 2s.
Next, we linearize the theory around a flat background
and establish the relation with the previous works [26,
27].
B. Linearization of bimetric theory
To gain further insight into the effective theory (38),
we expand the action to the quadratic order in flat space,
gij = δij . We assume that the theory is in the isotropic
phase γ < 1. We choose the following parametrization of
gˆij ,
gˆij = exp
(
Q2 Q1
Q1 −Q2
)
≈
(
1 +Q2 Q1
Q1 1−Q2
)
, (44)
7and furthermore,
Q = Q1 + iQ2 , Q¯ = Q1 − iQ2 . (45)
It is not hard to see that eˆαi = eˆ
α
i (Q) depends nonlinearly
on Q and Q¯; thus, to simplify the analysis, we linearize
the theory around the isotropic vacuum, Qi = 0.
It is convenient to first integrate out a in Eq. (38) to
find
Seff [Q] =
νς
2pi
∫
Adωˆ + Skin[Q] + Spot[Q] , (46)
where we have removed all of the terms made only from
the external fields and neglected the gravitational Chern-
Simons term ωˆdωˆ since it is higher order in derivatives.
This term will be discussed in some detail in the next
section. We integrate the first term in Eq. (46) by parts
and expand everything up to the second order in Q to
find
Stop ≈ iςρ¯
4
∫
Q¯Q˙, (47)
Skin ≈ −α
∫
|∂Q|2, (48)
Spot ≈ −m
2
∫
|Q|2 , m = m˜(1− γ), (49)
giving us the low-energy, linearized Lagrangian
Leff ≈ iςρ¯
4
Q¯Q˙− α|∂Q|2 − m
2
|Q|2 . (50)
The equations of motion for Q,
iQ˙ = −16α
ςρ¯
∆Q+
2m
ςρ¯
Q , (51)
imply that as long as Q tends to 0 at infinity, the only
solution is Q = 0, which corresponds to gˆij = gij = δij .
The action of the type shown in Eq. (50) was studied in
Ref. [26] and derived in Ref. [27] using flux attachment.
The Lagrangians studied in Refs. [26, 27] had different
values for the coefficient ς. We will resolve the disagree-
ment shortly.
The propagator for the field Q is given by〈
Q¯Q
〉
=
4
ςρ¯
i
Ω− αςρ¯ (k`)2 − 2mςρ¯ + i0
, (52)
where ` =
√
1/B is the magnetic length.
C. Projected static structure factor
In this section, we show how to fix the coefficient ς. To
do so, we evaluate the projected static structure factor,
defined as the connected equal-time correlation function
of the (projected) density operators,
s¯(k) =
1
ρ¯
∫
dΩ
2pi
〈
ρ(Ω, k)ρ(−Ω,−k)〉
c
. (53)
We define s4 and s6 as the coefficients in the low-k ex-
pansion of s¯(k),
s¯(k) = s4(k`)
4 + s6(k`)
6 + o
(
(k`)6
)
. (54)
To evaluate the SSF, we recall Eq. (28),
ρ = ρ¯+
νς
4pi
Rˆ . (55)
Thus, the SSF is given by the correlation function of Ricci
scalars (which are operators in bimetric theory),
s¯(k) =
( νς
4pi
)2 1
ρ¯
∫
dΩ
2pi
〈
Rˆ(Ω, k)Rˆ(−Ω,−k)
〉
c
. (56)
To evaluate the correlation function, we express the Ricci
curvature Rˆ in terms of Q,
Rˆ = 2i(∂¯2Q− ∂2Q¯) . (57)
Using the propagator at zero spatial momentum,
〈Q¯Q〉 = 4
ρ¯ς
i
Ω− 2Ω0 + i0 , Ω0 =
m
ςρ¯
, (58)
we find, in momentum space,〈
Rˆ(Ω, k)Rˆ(−Ω,−k)
〉
c
=
k4
ρ¯ς
4iΩ0
Ω2 − (2Ω0)2 + i0 (59)
which leads to
s¯(k) =
2ς
8
(k`)4 , (60)
where we find that 2ς = 8s4. This is one of the central
results of the present paper.
We can match this to a general relation, valid for chiral
states in the absence of Landau level mixing [12, 52] (see
also Ref. [53]),
s¯(k) =
S − 1
8
(k`)4 + . . . , (61)
from where we fix
2ς = S − 1 (62)
and 2s = 1.
The decomposition S = 2ς + 2s, in the present case,
corresponds to the separation of the shift into contribu-
tions from the orbital part s and the guiding center part
ς. This is in contrast to Ref. [26], where the coefficient ς
was fixed to be equal to S/2. The realization of this de-
composition in the effective theory (38) is one of the main
results of the present paper. The GMP mode is absent in
the IQH case (since the coefficient of the Adωˆ term van-
ishes), which is a crucial property of any effective theory
of the GMP mode.
In the language of Ref. [27], the composite fermions
(in the isotropic phase) should couple to both the fluc-
tuations of the GMP mode and background geometry
through the covariant derivative
Di = ∂i + iAi + iai + i
1
2
ωi + i
k − 2
2
ωˆi . (63)
8Thus, the composite fermions perceive the ambient geom-
etry in the same way as particles with a geometric spin
s = 12—the same value as for noninteracting electrons
filling the lowest Landau level. At the same time, the
composite fermions perceive the fluctuations of the GMP
mode (viewed in the second-order, or metric, formalism)
as particles with a geometric spin ς = k−22 +
1
2 =
k−1
2 ,
equal to the geometric spin of the guiding centers [24].
To lowest order in derivatives, such as presented in
Eq. (50), there are no more dimensionless adjustable pa-
rameters. The phenomenological coefficient C discussed
in Ref. [26] is fixed to the value − 12 by the requirement
that the effective theory (38) is self-consistent in a weakly
curved space. For any other value of C, the theory is not
invariant under the internal local SO(2) “symmetry” and
would require additional noninvariant counter terms to
restore the invariance. These extra terms will enforce
C = − 12 .
We emphasize that, at this point, we have not proven
that ρ should be treated as a projected density operator,
although the vanishing of the (k`)2 contribution to the
SSF is strong evidence. In the next section, we provide
further evidence of the implicit LLL projection present
in Eq. (38).
D. GMP algebra
In this section, we prove that the density operators
(55) satisfy the long-wave limit of the GMP/W∞ alge-
bra [54, 55]. It was shown in Ref. [20] that projected
density operators ρ(k) satisfy the following commutation
relations:
[ρ(k), ρ(q)] = 2ie
1
2 (k·q)`2 sin
(
(k× q)`2
2
)
ρ(k + q)
≈ i(k× q)`2ρ(q + k) . (64)
To reproduce the GMP algebra from bimetric theory, we
start with the expression (55); however, this time we
express the linearized spin connection ωˆi and the Ricci
scalar Rˆ in terms of the field gˆij :
ωˆi = −1
2
jk∂j gˆki , Rˆ = −∂i∂j gˆij . (65)
The electron density is given by
ρ = ρ¯+
νς
2pi
ij∂iωˆj . (66)
To evaluate the commutator, we need to know the com-
mutation relations for gˆij . These commutation relations
follow from the commutation relations for eˆαi that can be
read out from the topological term of Eq. (38). We find
[Eˆiα(x), eˆ
β
j (x
′)] = − 2i
ρ¯ς
δijα
βδ(x− x′) . (67)
Upon linearization in eˆαi ≈ δαi + δeˆαi , we find
[δeˆαi (x), δeˆ
β
j (x
′)] ≈ − 2i
ρ¯ς
δij
αβδ(x− x′) , (68)
which is identical to the commutation relations obtained
in Ref. [26]. We find that components of the metric sat-
isfy the sl(2,R) algebra [24, 26],
[gˆij(x), gˆkl(x
′)] = − 2i
ρ¯ς
(
ilgˆjk + jkgˆil
+ jlgˆik + ikgˆjl
)
δ(x− x′) . (69)
It is useful to evaluate the commutator of spin connec-
tions ωˆi as an intermediate step. Curiously, the algebra
of ωˆi closes (to lowest order in k). We find
[ωˆi(k), ωˆj(q)] =
1
ρ¯ς
(kjωˆi(k + q)− qiωˆj(k + q))
− iij
2ρ¯ς
Rˆ(k + q) , (70)
which implies
[Rˆ(k), Rˆ(q)] =
4pi
νς
i(k× q)`2Rˆ(k + q) . (71)
Together with ρ = ρ¯ + νς4pi Rˆ, Eq. (71) implies the GMP
algebra (64). Thus, we are justified in treating the oper-
ators ρ, at low energies, as the projected density opera-
tors. Since the commutators in Eqs. (70) and (71) take a
covariant form, we expect that they will remain valid be-
yond the linear order in gˆij . We were not able to find the
“spin connection algebra” (70) in the literature. Finally,
we note here that the GMP algebra has also appeared in
fractional Chern insulators [56], further supporting our
claim that bimetric theory can be used to describe the
FCIs.
IV. FURTHER PROPERTIES OF BIMETRIC
THEORY
In this section, we use bimetric theory to calculate the
s6 coefficient of the projected SSF and derive the small-
momentum behavior of the GMP mode.
A. Gravitational Chern-Simons term
So far, we have neglected the gravitational Chern-
Simons term, which will necessarily be generated from
integrating out the gauge field. This term has a quan-
tized, dimensionless coefficient and therefore will most
likely describe some universal physics. In this section, we
fix this coefficient and expose the physical consequences
of this term.
Bimetric theory, modified by the Chern-Simons term,
takes the form
Seff [gˆ; g] =
νς
2pi
∫
Adωˆ + SgCS[gˆ] + Skin[gˆ; g] + Spot[gˆ; g] ,
(72)
9where
SgCS[gˆ] = − cˆ
4pi
∫
ωˆdωˆ . (73)
Here, we have introduced a phenomenological parameter
cˆ and, for now, will remain agnostic about its value and
origin. So far, the only constraint is that cˆ should vanish
for the IQH states.
Note that the gravitational Chern-Simons term is third
order in derivatives and, therefore, will not modify either
the dispersion relation, the projected SSF, or the GMP
algebra at leading order. Thus, the role of the term is
quite subtle, and to expose it, we go to higher orders in
the momentum expansion.
Writing the gravitational Chern-Simons term in com-
ponents, we find∫
ωˆdωˆ =
∫
ωˆ0Rˆ− ijωˆi ˙ˆωj , (74)
which we linearize around a flat background metric. The
first term is inherently nonlinear and goes as Q3; thus,
it will be disregarded. The second term, however, con-
tributes to the quadratic effective action
SgCS[Q] = − cˆ
4pi
∫
ωˆdωˆ ≈ − icˆ
16pi
∫
Q¯∆Q˙ . (75)
The gravitational Chern-Simons term SgCS has several
subtle consequences. First, it modifies the canonical com-
mutation relations for gˆij by a higher-gradient term [57],
[gˆij(k), gˆkl(q)] = − 2i
ρ¯ς
(
1− cˆ
2νς
`2(k · q)
)
×
(
ilgˆjk + jkgˆil + jlgˆik + ikgˆjl
)
, (76)
where every gˆij on the rhs is taken at the momentum
k+q. We now verify that the additional term in Eq. (76)
does not spoil the GMP algebra to the subleading, (k`)4,
order in the momentum expansion. To do so in a self-
consistent manner, we add all the terms to bimetric the-
ory that contribute in this order. Fortunately, there is
only one such term:
Sξ[gˆ] =
ξ`2
8pi
∫
d3x
√
g gˆijEi∂jRˆ , (77)
where ξ is a phenomenological parameter to be fixed mo-
mentarily and Ei is the electric field. This term describes
the interaction of the dynamic curvature Rˆ with a gradi-
ent of the electric field, favoring an alignment of the gra-
dient of the dynamical curvature with the electric field.
The role of this term is to modify the relation between
the electron density and Ricci curvature Rˆ:
ρ = ρ¯+
νς
4pi
Rˆ+
ξ
8pi
`2∆Rˆ . (78)
The commutation relation of the density operators is now
[ρ(k), ρ(q)] = i(k×q)ρ− i
8pi
(cˆ+ξ)(k×q)(k ·q)Rˆ , (79)
where ρ is given by Eq. (78). To ensure that the GMP
algebra holds to order (k`)4, we enforce
ξ = −cˆ− νς
2
. (80)
We do not attempt to reproduce the (k`)6 term in the
GMP algebra since it is likely that, in order to properly
match such a term to the exact GMP expression, the
higher-spin fields have to be introduced. A recent at-
tempt to find a topological theory for higher-spin fields
was made in Ref. [58].
Next, we fix the coefficient cˆ in terms of microscopic
properties of the FQH states. To accomplish this task,
we evaluate the (k`)6 correction to the projected static
structure factor, Eq. (54), and compare it to the results
known in the literature. Under certain conditions on the
microscopic physics, discussed in Refs. [16, 24, 52, 59–61],
s6 is universal and is determined by topological quan-
tum numbers (i.e., the filling factor, shift, chiral central
charge, etc.) only. Generally speaking, we do not expect
s6 to be universal because its “universality” arises from
subtle (and not yet entirely understood) properties of
the quantum Hall phase [16, 61]. The necessary (but not
sufficient) conditions are (i) the absence of Landau level
mixing and that (ii) the state has to be either fully chiral,
in the sense of Ref. [52], or a particle-hole conjugate of a
chiral state [61].
When evaluated in bimetric theory, the coefficient s6
receives two different contributions. One comes from the
gravitational Chern-Simons term, through the modifica-
tion of the propagator〈
Q¯Q
〉
=
4
ςρ¯
i(
1 + cˆ2νς (k`)
2
)
Ω− α2piνς (k`)2 − 2mςρ¯ + i0
,
(81)
and another one comes from Sξ[gˆ] [62]. Computation
reveals
s¯(k) =
2ς
8
(k`)4 − cˆ+ 2ξ
8ν
(k`)6 =
2ς
8
(k`)4 +
cˆ− νς
8ν
(k`)6 .
(82)
Thus, we establish a general relation cˆ = 8νs6. Assuming
the absence of Landau level mixing and chirality of the
state, we can match cˆ to Refs. [16, 59, 61] and find
cˆ = 8νs6 + 4νs4 =
ν − c
12
+ νς2 + ν var(s) , (83)
where ν var(s) is the orbital spin variance [17, 18], which
plays a major role when the theory is applied to the Jain
series. Note that cˆ vanishes for IQH states. At this point,
it is good to note that the value of the coefficient cˆ is not
the naive one that would have come from integrating out
only the gauge field a. The extra contributions should
come from integrating out the higher-spin modes. Since
the higher-spin modes were not introduced explicitly, we
use the consistency of bimetric theory with the GMP al-
gebra and s6 to fix the value of cˆ. It is an interesting open
problem to perform the computation with the higher-spin
fields directly.
10
The present calculation of s6 can be turned around to
argue its universality in the SMA. Indeed, the coefficient
cˆ of the gravitational Chern-Simons term cannot take an
arbitrary value and has to be quantized as a rational
number. At the same time, Eq. (83) tells us that s6 =
cˆ
8ν − ς8 ; thus, if cˆ cannot change continuously under small
perturbations (provided that these perturbations do not
introduce the LL mixing), then neither can s6.
A comment is in order. It is well known that any two-
body Hamiltonian, projected to the lowest Landau level,
is invariant under the particle-hole (PH) transformation.
This invariance implies a duality [61] between FQH states
and their particle-hole conjugates (in the sense of Girvin
[63]).
We now comment on the property of our theory with
respect to PH symmetry [63], which is an exact symme-
try of any two-body Hamiltonian, projected to the lowest
Landau level. PH transformation relates the properties
of a QH state with its particle-hole conjugate. If we wish
to claim that Seff [gˆ; g] describes the intrinsic dynamics,
projected to a single Landau level, then particle-hole du-
ality must be manifest. Upon closer inspection, we find
that this is indeed the case. Note that the coefficients
νς and cˆ are of the form νs4 and νs6, respectively. It
was shown in Refs. [61, 64] that the combination νs¯(k)
is invariant under PH transformation. Since the coeffi-
cients in the effective action have the form νsi [si being
the coefficient in front of (k`)i in the long-wave expan-
sion of the projected SSF], we conclude that particle-
hole duality is manifest in the bimetric effective action
Seff [gˆ; g]. The actions proposed in Refs. [26, 27] do not
satisfy this property. For completeness, we note that un-
der PH transformation, the first three terms in Eq. (72)
flip the sign, while the rest of the action is invariant. This
transformation property is similar to the one encountered
in Dirac composite fermion theory of Jain states, where
PH transformation only flips certain signs.
Next, we use Eq. (81) to find the dispersion relation of
the GMP mode:
Ω(k)
Ω(0)
= 1 +
(
α
2m
− cˆ
2νς
)
(k`)2 . (84)
The presence of a universal correction in the (k`)2 order
of the dispersion relation should not come as a surprise.
To see that such a possibility exists, we can use the results
of Ref. [20], which state that the dispersion relation of the
GMP mode, in the single-mode approximation, is given
by
Ω(k) =
f(k)
s¯(k)
, (85)
where f(k) is a nonuniversal function that depends on
the interaction potential [20]. Assuming that f(k) takes
the form f(k) = f4(k`)
4 + f6(k`)
6 + . . ., we find
Ω(k)
Ω(0)
= 1 +
(
f6
f4
− s6
s4
)
(k`)2 + . . . . (86)
Comparing this to Eqs. (83) and (84), we unambiguously
match the phenomenological parameters
m = 2ρ¯f4 , α = 4ρ¯f6 − 2ρ¯f4 . (87)
Equation (87) provides the explicit expressions of the
phenomenological parameters m and α in terms of the
Fourier modes of the projected interaction potential, as
long as the SMA remains valid.
The first identification in Eq. (87) is also consistent
with Ref. [20], where the function f(k) is identified
with the expectation value of the double commutator
[ρ(k), [ρ(−k), H]]. In our theory, ρ is given by the second
derivative of the metric gˆij , while the Hamiltonian is, to
leading order, given by Eq. (37). Computing the double
commutator, we find the first term in the low-k expan-
sion of f(k), f4(k`)
4. This term is sometimes referred to
as the “shear modulus” [25, 30, 65].
B. Global properties
In this section, we briefly discuss some global features
of bimetric theory. We start by noting that the coefficient
cˆ has two distinct contributions:
cˆ =
ν − c
12
+ ν
[
ς2 + var(s)
]
. (88)
It is now understood [17] that upon integrating out the
gauge field a (and, presumably, the higher-spin fields) in
addition to the gravitational Chern-Simons terms, one
generates a winding number term ∼ (Eˆdeˆ)3. This wind-
ing number term is completely invisible as far as any local
properties are concerned. It can, however, be observed
if one is interested in global properties such as global
gravitational anomalies (i.e., noninvariance under Dehn
twists). We conjecture that the winding term is indeed
generated in bimetric theory and has the form
Swinding[eˆ] =
1
3
c− ν
96pi
∫
Tr
(
Eˆdeˆ
)3
. (89)
To support the conjecture, we note that the combination
(c−ν)/24 has previously appeared in the numerical com-
putation by Park and Haldane [66], where it appeared as
a subleading correction to what they called “momentum
polarization.” We are not aware of how to make a pre-
cise connection, however, we note that when the theory
is placed on a (spatial) torus, only the winding number
term transforms under the Dehn twist of the cylinder
and, therefore, contributes to the phase accumulated by
the wave function after the twist, which is the quantity
that should be computed in the momentum polarization
technique. We note, however, that the Dehn twist must
only affect the gˆij and not the spatial metric gij . This
is, presumably, accomplished in Ref. [66] via an “orbital
cut.”
We also emphasize that Eq. (89) does not imply that
the gravitational anomaly of the edge theory is given
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by c − ν. Another winding number term, made from
the ambient vielbein e, is generated from the framing
anomaly and ensures the correct gravitational anomaly
of the edge.
Finally, we note that taking the limit m → ∞ leads
to the elimination of all local degrees of freedom and
pushes the gap of the GMP mode to infinity. In this
limit, however, Seff reduces to a topological theory given
by Stop. Singularities of ωˆ in such a theory correspond
to world lines of geometric singularities such as conical
points [67–69], punctures [70], or branching points [71] of
the dynamical metric gˆ. The singularities of ωˆ, with the
curvature given by
Rˆ = 4pi
p
2ς
δ(z − z0(t)), (90)
accommodate the proper Wilson lines of the U(1)k
Chern-Simons theory and, consequently, may correspond
to quasiholes.
V. CONCLUSIONS
We have formulated a bimetric theory for the gapped
collective excitations in fractional quantum Hall states.
The theory consists of topological Chern-Simons theory
coupled to a nonrelativistic, parity-violating version of
a bimetric massive gravity. The theory is naturally for-
mulated in curved ambient space with gauge, diffeomor-
phism, and internal SO(2) “symmetries” built into the
construction. The symmetries rigidly restrict the form
of the effective action, leaving only two dimensionless
parameters, ς and cˆ. There is, in principle, an infinite
number of dimensionful parameters, only two of which
play a role in the low-energy physics. For the sake of
completeness, we write the entire Lagrangian (after the
gauge field is “integrated out”)
Leff =
νς
2pi
Adωˆ − cˆ
4pi
ωˆdωˆ − cˆ`
2
8pi
gˆijEi∂jRˆ
− m˜
2
(
1
2
gˆijg
ij − γ
)2
− α
4
∣∣∣Γ− Γˆ∣∣∣2
+
1
3
c− ν
96pi
Tr
(
Eˆdeˆ
)3
, (91)
where ς = 4s4 and cˆ = 8νs6 + 4νs4.
The full bimetric theory is nonlinear. To perform the
computations, we linearized the theory around the flat
background and found an action similar to the one stud-
ied previously [26]; however, we used fewer phenomeno-
logical parameters because some of these parameters were
fixed by the symmetry and by the consistency of the the-
ory in weakly curved space. The values of the parameters
are self-consistent and do not agree with Refs. [26, 27],
however, they do agree with Refs. [30, 72] whenever com-
parison is possible.
We have related the value of ς to the s4 coefficient in
the long-wave expansion of the projected static structure
factor ς = 4s4. In the limit when Landau level mixing
can be neglected, and the state is chiral (or a particle-
hole conjugate of a chiral state) this sets 2|ς| = |S − 1|,
where S is the shift. This value of ς implies the absence
of the GMP mode in the integer case (as it should be).
The dimensionless coefficient cˆ appears in front of the
gravitational Chern-Simons term and determines the s6
coefficient in the long-wave expansion of the projected
static structure factor according to cˆ = −8νs6; it con-
tributes to the (k`)2 behavior of the GMP dispersion re-
lation at low wavelength.
The projected static structure factor is interpreted in
bimetric theory as a two-point function of Ricci scalars.
The GMP algebra follows from the fact that components
of the spin connection ωˆi form a closed algebra them-
selves. In principle, any FQH calculation performed in
bimetric theory receives a curious geometric interpreta-
tion.
The present theory is only a first step in the effective
field theory description of the bulk gapped collective exci-
tations in quantum Hall states, and many open questions
remain. For example, the theory (38) is nonlinear, and it
would be interesting to understand the role of the nonlin-
ear effects. Recently, it was understood that many modes
of higher angular momentum are expected to appear in
addition to the GMP mode. These modes should be de-
scribed by the higher-spin cousins of the field gˆij . Pre-
sumably, when all of the higher-spin fields are included,
the exact GMP algebra should be reproduced. Multi-
layer states can provide a natural FQH interpretation
of multigravity (where many metrics are involved). Our
construction was only spatially covariant, and a fully co-
variant formulation should be done in the language of
the Newton-Cartan geometry. The Galilean or Milne
boost symmetry (in the limit of zero bare electron mass
mel → 0) is most likely present in bimetric theory, but
it is not clear how it is realized. A precise relation to
the theory of fractional Chern insulators still needs to
be established. Are there higher-spin fields relevant for
the FCIs? What is the precise relation to the nonlinear
collective field theory of Ref. [73]? We leave all of these
and many other questions to future work.
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Appendix A: Values of the coefficients for specific
states
In this appendix, we collect the values of the topo-
logical quantum numbers for some prominent states.
We have found that the phenomenological coefficients
are given by the coefficients of small momentum ex-
pansion of the projected static structure factor s¯(q) =
s4q
4 + s4q
6 + . . . according to ς = 4s4 and cˆ = 8νs6,
which implies
ς =
S − 1
2
, (A1)
cˆ =
ν − c
12
− νς + νς2 + ν var(s) . (A2)
The values of the coefficients for various states are sum-
marized in the table below.
ν S c νvar(s) ς cˆ
Laughlin [2]
1
k
k 1 0
k − 1
2
(k − 1)(3k − 10)
12k
Moore-Read [5]
1
2
3
3
2
0 1 − 1
12
Read-Rezayi [74]
k
Mk + 2
M + 2
3k
k + 2
0
M + 1
2
k
(
3(k + 2)M2 − 3kM − 2(k + 5))
12(k + 2)(kM + 2)
Jain [75]
N
2N + 1
N + 2 N
N(N2 − 1)
12
N + 1
2
N
(
N3 + 2N2 − 2N − 2)
6(2N + 1)
Jain, p fluxes
N
2Np+ 1
N + 2p N
N(N2 − 1)
12
N + 2p− 1
2
N
(
N3p+ 2N2 +N(4p−6) + 6p(p−2) + 4)
6(2Np+ 1)
The topological quantum numbers for the particle-hole
dual states can be found in Ref. [61]. The coefficients ς
and cˆ do not change under particle-hole transformation.
Note that the coefficient cˆ < 0 only for the Read-Rezayi
series at M = 1 and, in particular, for the Laughlin ν = 13
and ν = 23 states and for the Pfaffian and anti-Pfaffian
ν = 12 states. The value of cˆ for the Pfaffian state leads
to a gravitational Chern-Simons term with a properly
quantized coefficient 148pi ωˆdωˆ.
Appendix B: Potential term in bimetric gravity
The most prominent feature of bimetric gravity is the
fine-tuned potential that ensures the absence of ghosts.
Here, we construct this potential in the language of bi-
metric theory. For simplicity, we assume (as it is usually
done in bimetric gravity) that there is no difference be-
tween SO(2) and ŜO(2) indices. To construct the poten-
tial, we follow Ref. [34] and introduce
γij [g, gˆ] = g
ikgˆkj = e
A
j hA
BEiB , Kij [g, gˆ] = δij−(
√
γ)ij .
(B1)
It then follows that
Kij [g, gˆ] = EiA
(
δAB − λAB
)
eBj . (B2)
Given these definitions, there is a unique stable potential
[34]
Spot = m
∫
d3x
√
g
(
[K]2 − [K2]
)
= 2m
∫
d3x
√
g
(
1 + λ− [λ]
)
, (B3)
where we have introduced [K] = TrK, λ = detλ, and
m is a phenomenological parameter that will determine
the gap of the GMP mode. This potential supports only
one phase. As long as m > 0, there is a unique vacuum
state with unbroken rotational symmetry. Indeed, in the
parametrization Q1 = ρ cosφ, Q2 = ρ sinφ. We find
Spot = −8m
∫
d3x (sinh ρ)2 , (B4)
which means that, as long as ρ is real, the minimum
occurs at ρ = 0 which implies hij = 0 and λ
A
B = δ
A
B
for all positive m. So, there is no possibility of a phase
transition.
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Appendix C: Linearized geometric quantities
In this appendix, we collect several useful formulas for
linearized geometric objects. We parametrize the hAB as
hAB ≈
(
1 +Q2 Q1
Q1 1−Q2
)
. (C1)
We use the following notations:
Q = Q1 + iQ2 , Q¯ = Q1 − iQ2, (C2)
and
∂ =
1
2
(∂x − i∂y) , ∂¯ = 1
2
(∂x + i∂y) , (C3)
so that ∂z = ∂¯z¯ = 1 and ∂¯z = ∂z¯ = 0. Under internal
SO(2) rotation by angle ϕ, the fields transform according
to Q → e−2iϕQ and Q¯ → e2iϕQ¯. The angle is twice the
angle of rotation of an arbitrary vector vz because Q has
a quadrupolar nature.
The spin connection is given by
ωˆi = −1
2
jk∂j gˆki . (C4)
We define the complex spin connection as
ωˆz = ω1 + iω2 , ωˆz¯ = ω1 − iω2 . (C5)
Then
ωˆz = ∂Q¯ , ωˆz¯ = ∂¯Q . (C6)
Next, we compute Ck = 
i
jΓˆ
j
i,k = 2ωˆk.
Thus, it is clear that ¡
Lkin = −α
4
CiCi = −α
4
CzCz¯ = −α|∂Q|2 . (C7)
We find the Ricci curvature
Rˆ = −∂i∂j gˆij = 2i(∂¯2Q− ∂2Q¯) . (C8)
We also find the “gravi-electric” field
Eˆz = ∂0ωˆz , Eˆz¯ = ∂0ωˆz¯ . (C9)
The temporal component of the spin connection is always
quadratic in fields,
ωˆ0 =
1
2
ijEˆ
j∂0eˆ
k
i ≈ i
8
(
Q ˙¯Q− Q¯Q˙
)
. (C10)
The temporal component of C0 is also quadratic in fields;
however, it is written entirely in terms of Gˆij and gˆij :
C0 =
1
2
i
jGˆik∂0gˆjk . (C11)
While, upon linearization, this term is indistinguishable
from ωˆ0, we remark that as far as the canonical com-
mutation relations are concerned, this term modifies the
commutator of [gˆij , gˆkl] by a term that is zeroth order
in gˆij . Then, gˆij do not form an sl(2,R) algebra. For
this reason, we forbid the coupling of the Chern-Simons
theory to Cµ and do not include the term ρ¯C0 in the
effective action Seff .
The gravitational Chern-Simons integrand is given by
ωˆdωˆ ≈ −ijωˆi∂0ωˆj ≈ i
2
(
∂¯Q∂ ˙¯Q− ∂Q¯∂¯Q˙
)
. (C12)
We recall that ∂∂¯ = 14∆, where ∆ is the Laplace opera-
tor. The Chern-Simons term, as emphasized in the main
text, modifies the canonical commutation relations.
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